The classical matrix theory is deficient to express the vagueness of the real life. The fuzzy set theory has been successfully applied to bridge this gap. Much work has already been done on a two-person zero sum matrix game with fuzzy goals. In continuation, this paper is dedicated to define and study a multi-criteria two-person zero sum game with intuitionistic fuzzy goals. It is shown that solving such games is equivalent to solving two crisp multi object linear programming problems. Our work generalizes the previous study on a multi-criteria game with fuzzy goals by adopting the approach of linear programming with intuitionistic fuzzy sets. Finally, an illustrative numerical example is provided to elaborate the proposed approach.
Introduction
Classically solving the two-person zero sum matrix game is proved to be equivalent to solving two linear programming models. Much work has been done in this direction. Classical mathematics programming has certain deficiencies in modeling all the essences of real life. See the work of Chanas [1] , Werners [2, 3] and Zimmerman [4] [5] [6] . Even if some problem is modeled correctly, sometimes the solution does not match the real-life intuition (see Werners [2] ).
In the traditional game theory, each player has predominantly a well-defined quantitative utility function over a set of the player decision space. Each person attempts to optimize the expected utility and each is assumed to know the extensive game in full [7] . In many of such complex situations, each player has a heuristic knowledge of the desires of the other players and a heuristic knowledge of the control choices that they will make in order to meet their ends. Therefore, the uncertainty should be considered in the game theory problems [8] . In the recent past, there have been attempts to extend the results of crisp game theory to those conflict resolution problems that are fuzzy in nature, e.g., Sharifan et al. [9] , Faizi et al. [10] , and Sun et al. [11] . These developments have lead to the emergence of a new area in the literature called fuzzy games. Chen et al. have presented a fuzzy differential game theory to solve the n-player nonlinear differential game problems, which are not easily tackled by the conventional methods [12] . Chekari et al. have worked on fuzzy Nash equilibrium to determine a graded representation of Nash equilibriums in crisp and fuzzy games [13] [14] [15] [16] [17] . This interpretation Definition 1. Let X be a universal set. An IFS A in a given universal set X is a triplet given by (1) :
where the functions µ A : X −→ [0, 1] and ν A : X −→ [0, 1] define the degree of membership and the degree of non-membership of an element x ∈ X to the set A, respectively, such that 0 ≤ µ A (x) + ν A (x) ≤ 1. If µ A (x) + ν A (x) = 1; then, IFS A degenerates into a fuzzy set in X.
Definition 2. Let A and B be two IFSs in the set X. Then, union and intersection of A and B are defined as follows: A B = {< x, max{µ A (x), µ B (x)}, min{ν A (x), ν B (x)} >; x ∈ X}, A B = {< x, min{µ A (x), µ B (x)}, max{ν A (x), ν B (x)} >; x ∈ X}.
Definition 3. Let A and B be two IFSs in the set X. Then, we say
Definition 4. Let A and B be two IFSs in the set X. Then,
Definition 5. Let A be an IFS in the universal set X. Then, the score function of A is defined as Equation (3):
where x ∈ X.
Multi-Criteria Zero Sum Game
In this section, a review of (crisp) multi-criteria zero sum game of two persons model (given by Fernandez et al. [41] , while its generalized model with fuzzy goals was proposed by Aggarwal and Khan in [33] ) are presented.
Let R n denote the n-dimensional Euclidean space and R n + be its non-negative orthant. Let A r ∈ R m×n , (r = 1, 2, ..., s) be matrices with real entries of order m × n , e T = (1, 1, ..., 1) be a vector of ones whose dimension is specified as per the specific context. By a (crisp) multi-criteria zero sum game of two persons G, we mean:
where S m = {x ∈ R m + ; e T x = 1} and S n = {y ∈ R n + ; e T y = 1} are convex polytops. In the terminology of the matrix game theory, S m and S n are called strategy spaces for Player I and Player II, respectively, and the matrix A r , (r = 1, 2, ..., s) is called the payoff matrix corresponding to the r th criterion. It should also be noted that Player I is taken as a maximizing player and Player II is taken as a minimizing player, as per convention. Furthermore, for x ∈ S m , y ∈ S n , the expected payoff for Player I is defined as a vector E(x, y) = x T Ay = [E 1 (x, y), E 1 (x, y), ..., E s (x, y)], where E r (x, y) = x T A r y, (r = 1, 2, ..., s). Since the game is a zero-sum game, the expected payoff for Player II is −E(x, y). To define the solution of a game, the following terminologies are used in the literature.
Definition 6.
(Security level for Player I) The security level of Player I for a strategy x ∈ S m corresponding to r th payoff matrix is defined as:
where A r j denotes the j th column of the matrix A r . Thus, the security level for Player I is a vector of s−tuples, defined by:
(6) Definition 7. (Security level for Player II) The security level of Player II for a strategy y ∈ S n , corresponding to r th payoff matrix is defined as:
where A r i denotes the i th row of the matrix A r . Thus, the security level for Player I is a vector of s−tuples, defined by: 
and:
Definition 9.
(POSS for Player II) Let y * ∈ S n be a strategy, then this strategy y * ∈ S n is called POSS for Player II if there is no y ∈ S n such that:
If x * is a POSS for Player I, then his security level is given by ν * = ν(x * ) and the pair (x * , ν * ) is a solution for Player I. In the same way, if y * is a POSS for player II, then his security level is given by ω * = ω(y * ) and the pair (y * , ω * ) is the solution for Player II.
Fernandez et al. [41] showed that solving the game is equivalent to finding the efficient solutions of a multi-object linear problem, as described in the theorems presented below.
Theorem 1.
The strategy x * and the vector ν * are POSS and security level for Player I, respectively, iff the pair (x * , ν * ) is an efficient solution to the below multi-criteria programming problem;
(VP) 1 max (ν 1 , ν 2 , ..., ν s ) subject to,
Theorem 2. The strategy y * and the vector ω * are POSS and security level for Player II, respectively, iff the pair (y * , ω * ) is an efficient solution to the below multi-criteria programming problem; (VP) 2 min (ω 1 , ω 2 , ..., ω s ) subject to,
y ≥ 0.
Aggarwal and Khan [33] proposed the generalized version of this game with fuzzy goals as,
where V r 0 , p r 0 and W r 0 , q r 0 are the inspiration levels, tolerance levels of Player I and Player II, respectively, and the inequalities and are fuzzy inequalities taken in the sense of Zimmermann [4] . They adopt the model of Bector et al. [28] and showed that solving the game is equivalent to solving the crisp multi-object linear problems (see [36] Theorem 3.5, Theorem 3.6).
The Proposed Multi-Criteria Matrix Game Model with I-Fuzzy Goals
The IFS theory deals with more vague situations. Much work [36] [37] [38] 40, 42] has already been done to make and solve models of I-fuzzy linear programming and duality. Aggarwal et al. [36] defined the I-fuzzy inequalities (IF) and (IF) in a pessimistic or optimistic approach of decision-making. Following their lines, a multi-criteria multi-objective two-person zero sum matrix game with I-fuzzy goals will be defined.
Let S m and S n be the strategies spaces of Player I and Player II, respectively, and A r be the payoff matrix of r th criteria as defined earlier. The Multi-Object Intuitionistic Fuzzy Game denoted as MOIFG is:
where V r 0 and W r 0 are the levels of inspiration for Player I and Player II, respectively. The I-fuzzy inequalities (IF) and (IF) are taken either in a pessimistic or optimistic approach. The problem for Player I with r th payoff matrix A r is to find out x ∈ S m in such a way that:
that is equivalent to:
where A r j denotes the j th column of A r . Analogously, for Player II, the problem is to find out y ∈ S n in such a way that:
which is equivalent to:
where A r i denotes the i th row of A r . To define the membership and non membership functions of IFS related to I-fuzzy inequalities, certain tolerance levels are needed. Let p r 0 , q r 0 be the tolerance levels pre-specified by Player I for accepting or rejecting the inspiration level V r 0 related to r th criteria and, similarly, k r 0 , l r 0 be the tolerance levels pre-specified by Player II for accepting or rejecting the inspiration level W r 0 . Therefore,
The membership functions and non-membership functions are defined in a similar way to [36] for both Player I and Player II for the I-fuzzy inequities. From here on, only a pessimistic approach is taken, and the case of optimistic approach is analogous. The membership and non-membership functions for Player I related to
The membership function:
The non-membership function: The membership function:
The non-membership function:
To properly express the solution of this game, some definitions are needed.
Definition 10. Let x ∈ S m be a strategy, then the I-fuzzy security level of satisfaction for Player I corresponding to r th payoff matrix is defined by:
i.e.,
Thus, an I-fuzzy security level of satisfaction for Player I is a vector of s−tuples, defined by:
Definition 11. Let y ∈ S n be a strategy, and then the I-fuzzy security level of satisfaction for Player II corresponding to r th payoff matrix is defined by:
Thus, an I-fuzzy security level of satisfaction for Player II is a vector of s−tuples, defined by:
Definition 12. Let x * ∈ S m be a strategy; then, this strategy is called an I-fuzzy POSS for Player I if there is no x ∈ S m such that:
Definition 13. Let y * ∈ S n be a strategy; then, this strategy is called an I-fuzzy POSS for Player II if there is no y ∈ S n such that:
The level of security for Player I is given by α(x * ) = α * if x * is an I-fuzzy POSS for Player I. Similarly, the level of security for Player II is given by β * = β(y * ). If y * is an I-fuzzy POSS for Player II, the pair (x * , α * ) is then understood as a solution of the given two-person zero sum game for Player I. The pair (y * , β * ) is interpreted in the same way as a solution of the given game multi-criteria intuitionistic fuzzy matrix for Player II.
Our aim is to prove the equivalence between solving MOIFG (16) and solving the following two (crisp) multi-object linear programming problems named CMPI (Crisp Model Player I) and CMPII (Crisp Model Player II) for Player I and Player II, respectively.
Models: Let α denote the minimal degree of acceptance and β denote the maximal degree of rejection of the I-fuzzy constraint of Player I. Similarly, let γ denote the minimal degree of acceptance and ξ denote the maximal degree of I-fuzzy constraints of Player II. Then, consider:
where A j and A i denote the j th column and the i th row of A, respectively. Usually, in multi-criteria linear programming, the problems' global solutions are rare, and, most of the time, we have Pareto-optimal solutions, also known as efficient solutions; for details, one can see Steuer [43] .
Theorem 3.
The strategy x * and the vector α * are I-fuzzy POSS and I-fuzzy security level of satisfaction for Player I, respectively, iff the pair (x * , α * ) is an efficient solution to the multi-criteria programming problem below
Proof. Suppose that x * is an I-fuzzy POSS for Player I; then, by definition, there is no x ∈ S m such that:
Thus, for all x ∈ S m either (α 1 (
That is, for each x ∈ S m , either min 1≤j≤n
. Therefore, by the definition of efficient solution, x * is an efficient solution of the multi-criteria I-fuzzy programming problem
Now, using the representations of the various membership functions µ r j (x T A r j ) and non-membership functions ν r j (x T A r j ) given in Equations (17) and (18), respectively, we get:
Conversely, assuming, on the contrary, that the efficient solution (x * , α * ) of CMFPI is not an I-fuzzy POSS for Player I, then, there is some x ∈ S m , such that:
Now, by definitions of α r (x), µ r j (x T A r j ), and ν r j (x T A r j ) presented in Equations (17), (18) and (21), respectively, for (r = 1, 2, ..., s; j = 1, 2, ..., n), (x, α(x)) is feasible to CMPI. Thus, Equation (1) contradicts the assumption that (x * , α * ) is an efficient solution of CMPI.
Theorem 4.
The strategy y * and the vector β * are I-fuzzy POSS and I-fuzzy security level of satisfaction for Player II, respectively, iff the pair (x * , β * ) is an efficient solution to the multi-criteria programming problem below: 1, 2, ..., s i = 1, 2, ..., m) , A = 1, 2, ..., s i = 1, 2, ..., m) ,
Proof. The proof can be easily done in the same fashion as the proof of Theorem 4.5.
The next step is to determine the relationship between duality (CMPI) and (CMPI I), in I-fuzzy logic. For this, first turn the two problems in their scalar counter parts using a weighted sum approach with the same weight. In the same vein, consider the weights λ r ≥ 0, ∑ s r=1 λ r = 1, (r = 1, 2, ..., s), which are associated with the objective function of (CMPI) and (CMPI I), and obtain the scalar counter entirety as (CMPI) 1 and (CMPI I) 2 , respectively, as follows:
The following theorem will establish a weak duality between (CMPI I) 1 and (CMPI I) 2 in the I-fuzzy sense. , λ 2 , . .., λ s )) be feasible for (CMPI I) 1 and (CMPI I) 2 , respectively. Then,
Proof. The proof can be easily done in the same fashion as the proof of [36] Theorem 1. Figure 1 presents a flowchart of the proposed approach, i. e., application of intuitionistic-fuzzy goals in multi-criteria matrix games. In the following steps, for each player, the following are determined: strategy space, inspiration levels, the tolerance levels, an intuitionistic fuzzy security level of satisfaction, intuitionistic fuzzy Pareto-optimal security strategy, the level of security, a minimal degree of acceptance and maximal degree of rejection. The final results are obtained by solving a multi-object linear programming problem for each player separately. The computational complexity of the proposed approach is equivalent to the computational complexity of multi-criteria linear programming problems. The worst case complexity of multi-objective optimization problems has been shown to be NP-hard (non-deterministic polynomial-time hard). However, linear programming shows the theoretical (but far from practical) polynomial solvability of multi-criteria linear programming, and the possibility of computing non-dominated extreme points in multi-criteria linear programming with polynomial delay [44] .
Illustrative Example
To illustrate our multi-criteria model and show its resourcefulness, the same example is solved as taken by Cook [45] , Nishizaki and Sakwaw [26] and Aggarwal and Imran [33] . The choice of this example will lead us to making a comprehensive comparison with the existing models. The Matlab (R2012a, 7.14.0.739, MathWorks, Natick, Massachusetts, United States) is used to acquire the numerical results.
Example 1. Consider the following payoff matrices
described as the cost matrix, the time matrix and the productivity matrix, respectively. For Player I, the parameters are chosen as follows:
0 = 4 and q 3 Table 1 shows the acquired results that looks promising as max(α 1 , α 2 , α 3 ) ≥ 0.88 in all of the solutions. Table 1 . I-fuzzy Pareto-optimal security strategies (POSS) and securities for Player I. For Player II, the following parameters are chosen: 
Solving the above model yields a good payoff for Player II as max(γ 1 , γ 2 , γ 3 ) ≥ 0.9, shown in Table 2 . Table 2 . I-fuzzy POSS and securities levels for Player II. 
Comparison with Existing Models
In [26] , Nishizaki and Sakwaw presented their model to solve a two-person zero sum game with fuzzy goals. Their approach was to aggregate membership functions related to payoff's matrices by taking the minimum. Altogether, their solution achieved aggregated fuzzy goals and critical information about the individual fuzzy goal is missing. The results after applying their model to Example 1 are as follows.
The solution model of Aggarwal and Khan [33] is much better, as it explicitly deals with the individual fuzzy goal related to the different criteria; in addition, their results are far better. Their solutions to Example 1 are presented in Tables 3 and 4 for Player I and Player II respectively. The proposed model takes the fuzzy goals as a sub case, the advantages of our model and its superiority over the exiting models are summarized as follows.
• From Table 5 , the disadvantages of Nishizaki and Sakwaw's model are apparent, and it does not give information about fuzzy goals and strategies regarding the individual criteria, whereas the inspection of Tables 1-2 will reveal the strategies optimized for all the three criteria: cost, time and productivity. • In addition, there are some other lapses in the Nishizaki and Sakwaw's model, like the slight error in the linear programming model for Player II explained in [28, 33] , and our model produces much better strategies with higher securities as max(α 1 , α 2 , α 3 ) ≥ 0.88 > λ = 0.33088 and max(γ 1 , γ 2 , γ 3 ) ≥ 0.9 > 1 − σ = 0.4196. • Aggarwal and Khan's model of solving zero sum game is more promising and quite better than Nishizaki and Sakwaw's model. However, comparing the results of Tables 1-3 and 5 will reveal the clear superiority of the proposed model. • For Player I, max(α 1 , α 2 , α 3 ) ≥ 0.88, whereas max(α * * 1 , α * * 2 , α * * 3 ) < 0.58 for all the strategies in Aggarwal and Khan's model.
• For Player II, max(γ 1 , γ 2 , γ 3 ) ≥ 0.9, but in Aggarwal and Khan's model max(γ * * 1 , γ * * 2 , γ * * 3 ) < 0.55 for all the strategies. Table 5 . Nishizaki and Sakwaw [26] .
Player I 
Conclusions
In this paper, a new game with I-fuzzy goals named MOIFG has been constructed for solving multi-criteria programming problems, which is different from MOFG that was studied by Aggarwal and Khan [33] . For the solution of such games, certain definitions of I-fuzzy POSS and I-fuzzy security level are also defined. We have also extended the results (see [33] Theorem 3.5, Theorem 3.6) by showing that solving MOIFG is equivalent to solving a pair of multi-criteria linear programming problems. Furthermore, a duality result is obtained that helps us to study a two-person zero sum multi-criteria game having I-fuzzy goals by taking motivation from Aggarwal et al. [36] . Although we have derived these results only for a pessimistic approach, for an optimistic approach, these are analogous. In addition, it is clear that the proposed models in this paper are a generalization of those developed by Aggarwal et al. [36] . It has been shown that the models of the multi-criteria two-person zero sum game with intuitionistic fuzzy goals can be used for the intuitionistic fuzzy matrix game. Finally, by illustrating a numerical example, it is shown that the solution with our approach is much better than those of Aggarwal and Khan [33] . It would be interesting to extend this approach for other types of games with different extensions of fuzzy parameters and goals using other concepts of solutions and other types of membership functions.
